We give an elementary proof of the fact that given two polynomials P, Q without common zeros and a linear operator A, the operators P(A) and Q(A) verify some properties equivalent to the pair (P(A), Q(A)) being non-singular in the sense of J .L . Taylor . From these properties we derive expressions for the range and null space of P(A) and spectral mapping theorems for polynomials of continuous (or closed) operators in Banach spaces .
Let X be a complex linear space, A E L(X) a linear map on X . If A,,u E E C,,\ :~y , then (*) (A -A)x = (A -p)x + (y -A)x for each x E X From this simple equality it follows a big amount of information about the relations between the null spaces and ranges of S = A -A and T = y -A. In fact we have:
(a) N(S) we have
n N(T) _ {0} (b) R(S) + R(T) = X (c) T[N(S)] = N(S) ; S[N(T)] = N(T) (d) R(ST) = R(S) n R(T)
In this note we shall prove that given P(z) and Q(z) polynomials without common zeros, the operators S = P(A) and T = Q(A) also verify the five properties above. As a corollary we obtain expressions for R[P(A)] and N[P(A)] as functions of the ranges and null spaces of (.\ -A)', .\ zero of P(z) of order n , as is obtained in [4] with a different proof, and some other interesting consequences related with the spectral mapping theorem for polynomials as given in [1] .
We start proving an auxiliary result.
Proposition . Let S, T E L(X) such that ST =TS.
(i) S and T verify (c) and (d) if and only if given y, z E X such that Sy = Tz, there exists x E X with y = Tx and z = Sx .
(ii) If S and T verify (a) and (c), then they verify (e).
Proof.
(i) Suppose S and T verify (c) and (d), and Sy = Tz = u. As u E E R(S) n R(T) = R(ST), there exist v such that u = STv = TSv. Then Tv -y E N(S) and Sv -z E N(T). Using (d) we can choose f E N(S) and g E N(T) such that Tv -y = Tf and Sv -z = Sg . Taking x = v -f -g we have Tx = y and Sx = z. Note that the above definition coincides with the non-singularity in tlie sense of J .L. Taylor [3] , used to define a joint spectrum for two commuting operators . We don't follow that way. The following theorem is the central result in this note as it will allow us to pass from an operator to their polinomials and vice versa. [2] . Remarks (1) The above theorem, of course, can be obtained from the spectral mapping theorem for the Taylor spectrum associated to several commuting operators [3] , but our version of the proof totally avoids Liouville's theorem in several complex variables, and in this sense is elementary.
Conversely, let S and T verifying the second part of (i) . We have R(ST) C C R(S) nR(T) . Let v E R(S) nR(T). Then v = Ty
(2) It is evident that the above corollary admits some generalizations :
